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Abstract 

Flow shop scheduling deals with determination of optimal sequence of jobs which is to be 

processed on some machines in a fixed order so that it satisfies certain scheduling criteria. 

Scheduling is an important tool in production management. It is useful in increasing the rate of 

production, improving the quality of products, fulfilling the demands of the market in time and to 

minimize the flow time or cost etc. The goal of this paper pertains to determination of an optimal 

or near optimal sequence for njobs flow shop problem which associates ‘weight’ with a job in 

the sense of relative importance in the process and includes job block, transportation time and 

break-down machine time to minimize the total weighted mean flow time. Many applications 

namely avionic, traffic control, automatic factories and the military system require scheduling. 

In scheduling all jobs have specific parameters like Priority of jobs, job blocking etc. A schedule 

which is executing all types of constraints like job blocking, priority of jobs, idle time etc are 

met, is called feasible schedule. Scheduling problems can be categories in two types one is static 

scheduling and the other is dynamic scheduling. In Static scheduling constraints are fixed or in 

other words we can accept that all the constraints require complete knowledge about the jobs 

and the system parameters. While in dynamic scheduling, the scheduler calculates the feasible 

schedule of the system and allows the jobs to be invoke dynamically. These algorithms use 

dynamic parameters such as fuzzy processing time, transportation time etc.  

1. INTRODUCTION 

Nowadays scheduling of the system is 

dramatically increasing. Unfortunately, less 

is known about how to schedule in fuzzy 

environment than non fuzzy environment. 

Any practical scheduling algorithms in the 

system present a tradeoff between 

performance and computational complexity. 

Due to more computational complexity in 

practical algorithm, it creates wide range of 

algorithm’s response time; hence 

deterministic timing behavior is the most 

important parameter for the scheduling. This 

behavior causes a decrease in utilization of 

the system when unpredictable conditions 

happened. In heterogeneous system, tasks 

have different time constraints algorithm 

have to avoid starvation [1].The 

performance of a scheduling algorithm is 

measured in terms of additional demand 

maker’s requirement like job blocking, 
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weight age of jobs, transportation time of 

jobs and the breakdown interval to be added 

without violating the idle time of jobs in the 

optimal schedule. It has been proved that to 

find an optimal schedule of the jobs in fuzzy 

environment is more complex. So this multi 

objective research diverts the scheduling in 

a new direction. It extends the work of 

researchers in a different way [2].  

A lot of applied and experimental situations 

exist in our day-to-day working in factories 

and industrial production concerns etc. The 

practical situation may be taken in an 

aircraft where various types of schedules are 

prepared along their relative importance i.e. 

weights in jobs. The transportation time 

(which includes loading time, moving time 

and unloading time etc.) for the jobs and 

break-down of machines (due to failure of 

electric current or due to non-supply of raw 

material or other technical interruptions) is 

included. The paper deals the situation in 

non fuzzy environment as well as fuzzy 

environment and is divided in 4 sections as 

follows [3]: 

2. OPTIMIZING THE MEAN FLOW 

TIME OF JOBS IN 3-STAGE 

PROBLEM INCLUDING JOB BLOCK 

AND WEIGHT AGE OF JOBS 

Problem Formation 

Let n-job be processed through three 

machines M1, M2, M3 in order M1 M2 M3. 

Let “i” denote the job in S, where S is an 

arbitrary sequence. All jobs are available for 

processing at time zero. Let each job be 

completed through the same production 

stage, i.e. M1, M2, and M3. In other words 

passing is not allowed in flow shop. Mij 

denote the processing time of job “i” on 

machine Mj. Let ti & gi denote the 

transportation time of I th job from A to B 

and from B to C respectively. Job “i” be 

assigned with a weight wi according to its 

relative importance for performance in the 

given sequence. The performance measure 

studied is weighted mean flow time defined 

by 

𝐹𝑤

=
 𝑤𝑖𝑓𝑖

𝑛
𝑖=1

𝑛 𝑤𝑖
𝑛
𝑖=1

 𝑊𝑒𝑟𝑒 𝑓𝑖  𝑖𝑠 𝑡𝑒 𝑓𝑙𝑜𝑤 𝑡𝑖𝑚𝑒 𝑜𝑓 𝑖𝑡  𝑗𝑜𝑏 

Consider the break down interval (a, b) in 

deterministic nature when the length of 

break down interval is (b-a). Our objective 

is to find out optimal or near optimal 

sequence of jobs so as to minimize the total 

elapsed time. 

Notations 

 Mij  =Processing time of i
th

 job on j
th

 

machine 

 wi  = weights of i
th

 job 

 Gi  = Processing time of i
th

 job on first 

fictitious machine 

 Hi =Processing time of i
th

 job on second 

fictitious machine 

 fi = flow time of i
th

 job 

 β =job block 

 (b-a) = break down interval 

Algorithm 
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Consider a restricted problem which 

satisfies one of the conditions: 

(1) 𝑀𝑖𝑛  𝑀𝑖𝑙 + 𝑡𝑖 ≥ 𝑀𝑎𝑥 𝑀𝑖2 + 𝑡𝑖  

𝑜𝑟 𝑀𝑖𝑛 (𝑀𝑖3 + 𝑔𝑖) ≥ 𝑀𝑎𝑥(𝑀𝑖2 + 𝑔𝑖) 

1. Using Johnson’s algorithm convert 

three machine into two fictitious machine G 

& H with processing time Gi ,Hi 

respectively such that 

Gi = Mi1+ ti+ gi+ Mi2 

Hi = ti + gi+ Mi2 + Mi3 

2. Find min (Gi , Hi ) using 

(i) If min (Gi, Hi) = Gi then define Gi′ = 

Gi - wi and Hi′ = Hi as per Singh T.P 

(1985, 91) 

(ii) If min (Gi, Hi) = Hi then define Gi′ = 

Gi and Hi′ = Hi + wi 

3. Define the new reduced problem 

𝑮"𝒊 =
𝑮𝒊

`

𝒘𝒊

 𝒂𝒏𝒅 𝑯"𝒊 =
𝑯𝒊

`

𝒘𝒊

 

4. Take equivalent job block β (l,m) and 

calculate the processing time of β(l,m) on G 

& H using equivalent job block theorem 

given by Maggu and Dass (1977) as 

𝐺″𝛽 =  𝐺″𝑖𝑙 +  𝐺″𝑖𝑚 −  𝑚𝑖𝑛 (𝐻″𝑖𝑙, 𝐺″𝑖𝑚) 

𝐻″𝛽 =  𝐻″𝑖𝑙 +  𝐻″𝑖𝑚 −  𝑚𝑖𝑛 (𝐻″𝑖𝑙, 𝐺″𝑖𝑚). 

5. Using Johnson’s algorithm find the 

optimal sequence of jobs including job 

weights and job block check the effect of 

break down interval (a,b) on different jobs. 

6. Formulate a new problem with processing 

time Mij′ 

 Where M′ ji= Mij + (b-a) if (a, b) 

affected on job i 

 And M′ij = Mij if (a, b) has no affect 

on job i. 

7. Calculate weighted mean flow time using 

formula 

𝐹𝑤

=
 𝑤𝑖𝑓𝑖

𝑛
𝑖=1

𝑛 𝑤𝑖
𝑛
𝑖=1

 𝑊𝑒𝑟𝑒 𝑓𝑖  𝑖𝑠 𝑡𝑒 𝑓𝑙𝑜𝑤 𝑡𝑜𝑚𝑒 𝑜𝑓 𝑖𝑡  𝑗𝑜𝑏 

Numerical Example 

Consider a 5 jobs and 3 machines problem 

with processing time, transportation time, 

job block β(2,4) and the weights of jobs are 

as shown in table 1 The object is to find the 

optimal sequence to calculate the total 

elapsed time and the weighted mean flow 

time of jobs if the break down interval is 

(125-180). 

Table 1Weight of jobs 

job Mi1 ti Mi2 gi Mi3 Wi 

1 20 3 20 5 8 3 

2 30 2 10 4 6 5 

3 40 4 8 3 7 4 

4 50 6 12 2 5 2 

5 60 8 18 1 4 1 

Solution 

As the problem is satisfying the condition 

Min [Mi1+ti] = 20+3 = 23, Max [Mi2+ti] = 

20+3 = 23 as per step 1 of the algorithm 

Table 2Flow time of jobs 

Job Gi Hi 

1 48 36 

2 46 22 

3 55 22 

4 70 25 

5 87 31 

Using 2
nd

 step and 3
rd

 step of algorithm, we 

have 

Table 3Minimum flow time  
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Job Gi Hi 

1 16 13 

2 9.2 5.4 

3 13.75 4 

4 35 13.5 

5 87 32 

Using equivalent job block theorem, we get 

Table 4Maximum flow time 

Job Gβ Hβ 

1 16 13 

β 38.8 13.5 

3 13.75 4 

5 87 32 

 

By Johnson’s algorithm the sequence 5- β- 

1- 3 i.e. 5 – 2 – 4 – 1 - 3, is optimal 

sequence. Now we considering the effect of 

break down interval (125- 180) on the 

optimize sequence. 

Table 5Effect of breakdown interval 

Job M i1 Mi2 Mi3 wi 

5 0-60 68-86 87-91 1 

2 60-90 92-102 106-112 5 

4 90-140 146-158 160-165 2 

1 140-160 163-183 188-196 3 

3 160-200 204-212 215-222 4 

Due to break down, the highlighted jobs are 

affecting and the processing time of jobs 

after the affect of breakdown time is as 

under: 

Table 6Time of job after break down 

time 

Job M i1 Mi2 Mi3 Wi 

5 60 18 4 1 

2 30 10 61 5 

4 105 67 5 2 

1 75 75 65 3 

3 95 8 7 4 

Using optimal sequence, finding the total 

flow time of jobs and the final table is 

Table 7Total flow time of job 

Job Mi1 ti Mi2 gi Mi3 wi 

5 0-60 8 68-86 1 87-91 1 

2 60-90 2 92-102 4 106-167 5 

4 90-195 6 201-268 2 270-275 2 

1 195-270 3 273-348 5 353-418 3 

3 270-365 4 369-377 3 380-387 4 

 

Mean weighted flow time = Fw = (91*1 + 

(167-60) *5 + (275 – 90) *2 + (418 – 195) 

*3 + (387 – 270) *4)/ (15*5) = 28.44 

Hence, the total elapsed time is 387 and the 

mean weighted flow time is 28.44 

3. MINIMIZATION OF TOTAL 

RENTAL COST OF MACHINES IN n-

STAGE FLOW SHOP UNDER FUZZY 

ENVIRONMENT 

A theorem has been proved in connection to 

the hiring time of machines and a numerical 

example has also been illustrated to clarify 

the algorithm. 

 <a, b,c> = Processing time of jobs in 

fuzzy environment 

 Ri  = <AHR> =  Average high 

ranking of i
th

 job using formula = 
3𝑏+(𝑐−𝑎)

3
 

 Z (i, j) =P (i, j) 

 Hj = Time at which Mj starts 

processing 

 Kj = idle time of Mj machine 
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Theorem 

To show that the time Hn at which the 

machine Mn should be hired is the sum of 

idle time of all the machines M1, M2…Mn. 

Where 𝐻𝑛 =  𝐻𝑛 − 1 +  𝑚𝑎𝑥 (𝐾𝑛,𝐶1𝑛 −

1) 𝑤𝑖𝑡 𝐻1 = 0. 

Proof: 

We shall prove the above theorem, by 

mathematical induction technique. 

 For n=1 i.e. for the first machine we can 

hire it at the starting of processing the 

jobs. So H1 = 0.i.e. idle time on M1 is 

zero. 

 For n = 2 H2 = H1+ max (K2, C11) = max 

(K2, C11), where K2 is the idle time of 

machine M2 during the processing of 

jobs and C11 is the time which the first 

job will take on first machine and in 

advance of this time there is no job 

processing on 2
nd

 machine. So the idle 

time of M2 is max (K2, C11). Hence we 

will hire M2 after the time H2 and H2 is 

the idle time of machine M2& M1. 

Let us suppose that the statement is true for 

n = t 

i.e. Ht = Ht-1 + max (Kt, C1t-1)= Idle time of 

machines M1, M2, ……….Mt. 

Now to prove the statement is true for n = 

t+1. 

i.e. Ht+1 = Ht + max (Kt+1,C1t) 

= Idle time of machines M1, M2….Mt. 

+ idle time of machine Mt+1. 

= Idle time of machines M1, M2 

….Mt, Mt+1. 

This shows the statement is true for n = t + 

1.Based on the above theorem, the 

algorithm of the problem can be 

summarized as: 

Algorithm 

Step 1 Let S is a given sequence of jobs 

Step 2 Find average high ranking of the 

processing time (a, b, c) in fuzzy 

environment of each job using formula 

𝑅 =
3𝑏 + (𝑐 − 𝑎)

3
 

Step 3 for the machine pair (Rj, Rj+1), 

Compute 

Kj+1 = Z (n,j+1) -  R(i,j+1), 1<j< m-1.as a 

two machine flow shop sequencing 

problem. 

Step 4 The renting machine Hj is given by 

Hj = Hj-1 + max (Kj, C1j-1) 

Where j= 2, 3, 4…..m-1 and H1 = 0. 

Step 5 Find the renting time of all the 

machines in fuzzy environment using 

processing time in different situations i.e. 

<a, b, c>. 

Step 6 Find the cost of each machine in 

fuzzy environment and then we can find the 

total cost of machines in fuzzy environment. 

Numerical Problem 

Consider 5 jobs 4 machines problem that’s 

processing time in fuzzy environment is 

given as in table 4.8Our objective is to find 
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the total renting cost of machines for a given 

sequence (2, 5, 1, 3, 4), given the cost of 

machines per unit is Rs. 10, Rs. 15, Rs.18 

and Rs. 20 respectively. 

Table 8Time in fuzzy environment 

Job M1 M2 M3 M4 

1 (7,8,10) (2,5,6) (12,13,14) (7,8,9) 

2 (2,4,6) (8,9,11) (2,3,4) (3,5,6) 

3 (15,16,17) (8,9,13) (10,12,13) . (5,6,7) 

4 (11,13,14) (5,7,9) (9,10,11) (3,5,7) 

5 (8,10,12) (6,7,8) (6,8,10) (8,10,13) 

Solution 

Steps 1 According to the given sequence the 

processing time is rewritten in the table as 

follows 

Table 9Processing time 

Job M1 M2 M3 M4 

2 (2,4,6) (8,9,11) (2,3,4) (3,5,6) 

5 (8,10,12) (6,7,8) (6,8,10) (8,10,13) 

1 (7,8,10) (2,5,6) (12,13,14) (7,8,9) 

3 (15,16,17) (8,9,13) (10,12,13) . (5,6,7) 

4 (11,13,14) (5,7,9) (9,10,11) (3,5,7) 

 

Step 2< A H R > of processing time of jobs 

is 

Table 10Processing time of jobs 

Job R1 R2 R3 R4 

2 16/3 42/3 11/3 18/3 

5 34/3 23/3 28/3 35/3 

1 27/3 19/3 41/3 26/3 

3 50/3 32/3 39/3 20/3 

4 42/3 25/3 32/3 19/3 

 

Step 3 as per step 3 of the algorithm we 

calculate K2, K3& K4 For machine pair (R1, 

R2) 

𝑍 (𝑛, 2)  =  194/3  & 𝐾2 =  194/3 –  129/3 
=  65/3 

For machine pair (R2, R3) 

𝑍 (𝑛, 3)  =  193/3  &  𝐾3 =  193/3 − 151/3 
=  42/3 

For machine pair (R3, R4) 

𝑍 (𝑛, 3)  =  170/3  &  𝐾4 =  170/3 − 118/3 
=  52/3 

Step 4 H1 =0 

𝐻2 =  𝐻1 +  𝑀𝑎𝑥 (𝐾2,𝐶11)  =  𝑀𝑎𝑥 (65/3, 6)  
= 65/3 

𝐻3 =  𝐻2 +  𝑚𝑎𝑥 (𝐾3, 𝐶12)  
= 65/3 +  𝑚𝑎𝑥 (42/3, 11)  
=  107/3 

𝐻4 =  𝐻3 +  𝑚𝑎𝑥 (𝐾4, 𝐶13)  
= 107/3 +  𝑚𝑎𝑥 (52/3, 4)  
=  159 

Hence to get minimum total hiring cost of 

machines, M1 should be hired in the 

starting, M2 after 65/3 units, M3 after 107/3 

units and M4 after 159/3 units from the 

starting. At these hiring times, the total idle 

time of the machines will be minimum. 

Step 5: As per step 5 of the algorithm the 

processing time of machines in fuzzy 

environment is 

𝑇1 =  (43, 51, 59) 𝑇2 =  (29, 37, 47),𝑇3
=  (39, 46, 53),𝑇4 
=  (26, 34, 42) 

Step 6: Cost of machines in fuzzy 

environment is 

𝐶1 =  (430, 510,590),𝐶2 =  (435, 555,705),𝐶3
=  (702,828,954) 𝐶4
=  (520,680,840) 

So the total renting costs of all the machines 

in fuzzy environment is 2087, 2573 and 

3089.This is a minimum make span for the 

given sequence. 

4. REFORMATION OF MEAN FLOW 

TIME AND MAKE SPAN OF 3-
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STAGESCHEDULINGINCLUDINGVA

RIOUSPARAMETERSALONGWITH 

WEIGHT AGE OF JOBS IN FUZZY 

ENVIRONMENT 

All practical scheduling algorithms in 

uncertain environment present a trade-off 

between their computational complexity and 

performance. In non-fuzzy environment 

system, jobs have to be performed correctly 

and timely. Finding an optimal schedule in 

the system with fuzzy environment 

constraint is considered to be hard problem. 

Although some optimal algorithms of 

scheduling have already been employed in 

non-fuzzy environment but they fail when 

they are applied in fuzzy environment 

scheduling [4]. The practical scheduling 

algorithms in non-fuzzy environment 

system have deterministic response. 

Through the deterministic time behavior is 

an important parameter for scheduling of 

jobs, yet the intrinsic uncertainty in dynamic 

systems increases the difficulties for 

schedulers. To alleviate these difficulties, 

we have proposed a fuzzy scheduling 

approach to arrange the jobs in scheduling 

system. Static and dynamic optimal 

scheduling algorithms fail with non-critical 

over load. In contrast our approach balances 

jobs of the system successfully while 

consider starvation prevention and fairness 

which cause higher priority jobs have higher 

running probability. Numerical example 

shows the proposed fuzzy environment, 

creates feasibility schedule for 

homogeneous as well as heterogeneous jobs. 

It also includes the various parameters like 

job block concept, transportation time and 

break down interval and weight age of the 

jobs. This causes higher utility and lower 

idle time of the jobs. As per our results, it 

has been observed that the sequence 

obtained is very close to optimal schedule in 

fuzzy environment system [5]. 

5. CONCLUSION 

The work exhibited in this paper was 

coordinated towards examining the 

appropriateness of fuzzy techniques as a 

decision help in the transient control of 

flexible manufacturing systems. For this 

reason a flexible manufacturing system for 

two jobs made out of four machines, one 

fork lift truck, one load and one empty 

station and with routings and entries with 

settled factual qualities was considered. A 

fuzzy scheduler for job sequencing and 

steering was produced. This scheduler 

utilizes fuzzy rationale systems and 

additionally fuzzy various characteristic 

decision-production techniques. The 

proposal was done to expand execution by 

utilizing fuzzy techniques and furthermore 

in giving a systematic outline strategy that 

considers various destinations and needs no 

interface with etymological bearings from 

human specialists. These progressions may 

lead the model to better outcomes. 
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